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Abstract
A stable set in a graph G is a set of mutually non-adjacent vertices, α(G) is the size
of a maximum stable set of G, and core(G) is the intersection of all its maximum stable
sets. In this paper we demonstrate that in a tree T , of order n ≥ 2, any stable set of size
≥ n/2 contains at least one pendant vertex. Hence, we deduce that any maximum stable
set in a tree contains at least one pendant vertex. We give a new proof for a theorem
of Hopkins and Staton [5] characterizing strong unique trees. Using this result we show
that if {A,B} is the bipartition of a tree T and S is a stable set with |S| > min{|A| , |B|},
then S contains at least a pendant vertex.
Our main finding is the theorem claiming that if T is a tree of order n ≥ 2 that does
not own a perfect matching (i.e., 2α(T ) > n), then at least two pendant vertices an even
distance apart belong to core(T ). While it is known that if G is a connected bipartite
graph of order n ≥ 2, then |core(G)| 6= 1 (see Levit, Mandrescu [7]), our new statement
reveals an additional structure of the intersection of all maximum stable sets of a tree.
The above assertions give refining of one assertion of Hammer, Hansen and Simeone [4]
stating that if a graph G is of order less than 2α(G), then core(G) is non-empty, and also
of a result of Jamison [6], Gunter, Hartnel and Rall [3], and Zito [10], saying that for a
tree T of order at least two, |core(T )| 6= 1.
1 Introduction
Throughout this paper G = (V,E) is a simple (i.e., a finite, undirected, loopless and without
multiple edges) graph with vertex set V = V (G), edge set E = E(G), and its order is |V |. If
X ⊂ V , then G[X ] is the subgraph of G spanned by X . By G −W we mean the subgraph
G[V −W ], if W ⊂ V (G). We also denote by G − F the partial subgraph of G obtained by
deleting the edges of F , for F ⊂ E(G), and we use G − e, if F = {e}. If X,Y are non-empty
disjoint subsets of V , then (X,Y ) equals {xy ∈ E : x ∈ X, y ∈ Y }. Let Kn, Pn denote the
complete graph on n ≥ 1 vertices, and the chordless path on n ≥ 2 vertices.
1
A set A ⊆ V is stable if no two vertices from A are adjacent. A stable set of maximum size
will be referred as to a maximum stable set of G, and the stability number of G, denoted by
α(G), is the cardinality of a maximum stable set in G. Let Ω(G) stand for the set {S : S is a
maximum stable set of G}, core(G) = ∩{S : S ∈ Ω(G)}, and ξ (G) = |core(G)| (see [8]).
The neighborhood of a vertex v ∈ V is the set N(v) = {w : w ∈ V and vw ∈ E}, while the
closed neighborhood of v ∈ V is N [v] = N(v) ∪ {v}; in order to avoid ambiguity, we use also
N(v,G) instead of N(v). For A ⊂ V , we denote N(A) = {v ∈ V − A : N(v) ∩ A 6= ∅}, and
N [A] = N(A) ∪ A. In particular, if |N(v)| = 1, then v is a pendant vertex of G, and pend(G)
designates the set {v ∈ V (G) : v is a pendant vertex in G}. By tree we mean a connected
acyclic graph of order greater than one, and a forest is a disjoint union of trees and isolated
vertices. The bipartition {A,B} of a tree T is a partition of its set of vertices into two stable
sets A and B. It is known that the bipartition {A,B} of a tree T is unique up to isomorphism,
and that α(T ) = |A| = |B| if and only if T has a perfect matching.
In this paper we show that any stable set S of a tree T , of size |S| ≥ |V (T )| /2, contains
at least one pendant vertex of T . As a consequence, we infer that S ∩ pend(T ) 6= ∅ is valid
for any S ∈ Ω(T ). Moreover, we prove that in a tree T with α(T ) > |V (T )| /2, there exist at
least two pendant vertices belonging to every maximum stable set of T , such that the distance
between them is even.
We give also a new proof for a result of Hopkins and Staton, [5], stating that if {A,B} is
the standard bipartition of the vertex set of a tree T , then Ω(T ) = {A} or Ω(T ) = {B} if and
only if the distance between any two pendant vertices of T is even. Using this result we deduce
that if {A,B} is the bipartition of a tree T and S is a stable set such that |S| > min{|A| , |B|},
then S ∩ pend(T ) 6= ∅.
Our findings are also incorporated in the following contexts.
Firstly, the following theorem concerning maximum stable sets in general graphs, due to
Nemhauser and Trotter [9], shows that for a special subgraph H of a graph G, some maximum
stable set of H can be enlarged to a maximum stable set of G. Namely, if A ∈ Ω(G[N [A]]),
then there is S ∈ Ω(G), such that A ⊆ S. We show that, for trees, some kind of an inverse
theorem is also true. More precisely, we show that any maximum stable set of a tree T contains
at least one of its pendant vertices, i.e., for any S ∈ Ω(T ) there exists some A ⊆ S, such that
A is a maximum stable set in the subgraph of T induced by N [A].
Secondly, in [2] it was proved that if G is connected, then ξ(G) ≥ 1 + α(G)− µ(G), where
µ(G) is the matching number of G. This strengthened the following finding stated in [8]: if
α(G) > (|V (G)| + k − 1)/2, then ξ(G) ≥ k + 1; moreover, ξ(G) ≥ k + 2 is valid, whenever
|V (G)| + k − 1 is an even number. For k = 1, the previous inequality provides us with a
generalization of a result of Hammer, Hansen and Simeone [4] claiming that if a graph G has
α(G) > |V (G)| /2, then ξ(G) ≥ 1. In [7] it was shown that if G is a connected bipartite
graph with |V (G)| ≥ 2, then ξ(G) 6= 1. Jamison [6], Zito [10], and Gunther, Hartnel and
Rall [3] proved independently that ξ(G) 6= 1 is true for any tree T . Now, for a tree T with
α(T ) > |V (T )| /2, we demonstrate that there exist at least two pendant vertices even distance
apart belonging to all maximum stable sets of T .
Thirdly, it is well-known that any tree T has at least two pendant vertices (see, for instance,
Berge [1]). Our results say that if α(T ) > |V (T )| /2, then at least two pendant vertices of T
belong to all maximum stable sets of T , and whenever α(T ) = |V (T )| /2 then both parts of
the bipartition of T contain at least one pendant vertex.
2
2 Pendant vertices and maximum stable sets
Lemma 2.1 Any stable set consisting of only pendant vertices of a graph G is contained in a
maximum stable set of G.
Proof. Let A be a stable set of G such that A ⊆ pend(G), and S ∈ Ω(G). If u ∈ A − S,
then u is adjacent to some w ∈ S −A, otherwise S ∪ {u} is a stable set larger than S, which
contradicts the maximality of S. Hence, S1 = S ∪ {u} − {w} ∈ Ω(G), and |A ∩ S| < |A ∩ S1|.
Therefore, using this exchange procedure, after a finite number of steps, we have to obtain a
maximum stable set including A.
The converse of Lemma 2.1 is not generally true. For instance, as it is emphasized in Figure
1, the maximum stable set S = {a, b, c} does not contain any pendant vertex of the graph G.
✈ ✈ ✈✈ ✈
✈
 
 
 
✈
a
b
cG
Figure 1: S = {a, b, c} ∈ Ω(G) and S ∩ pend(G) = ∅.
Theorem 2.2 If S is a stable set of a tree T = (V,E) and |S| ≥ |V | /2, then S ∩ pend(T ) is
not empty. Moreover, if S − pend(T ) 6= ∅, then there exist v ∈ S ∩ pend(T ) and w ∈ S, such
that the distance between them equals two.
Proof. Suppose, on the contrary, that S ∩ pend(T ) = ∅. Hence, any s ∈ S has |N(s)| ≥ 2.
Since T is a tree and S is a stable set of size |S| ≥ |V | /2, it yields the following contradiction:
|V | − 1 = |E| ≥ |(S, V − S)| ≥ 2 |S| ≥ |V | .
Consequently, we infer that S ∩ pend(T ) is not empty.
We can assert now that there exists some k ≥ 1, such that S ∩ pend(T ) = {vi : 1 ≤ i ≤ k}.
Case 1. There exist two vertices from S ∩ pend(T ) at distance two apart.
Case 2. Any two vertices of S ∩ pend(T ) are at distance at least three.
Let us denote N(vi) = {ui}, 1 ≤ i ≤ k. According to the hypothesis of the case, all the
vertices ui are different.
Assume, on the contrary, that for any vi ∈ S ∩ pend(T ) and any w ∈ S − pend(T ), the
distance between them is greater than two. Hence, any w ∈ S − pend(T ) has |N(w)| ≥ 2.
Let H1, H2, ..., Hp, 1 ≤ p ≤ k, be the connected components of the subgraph T
[
k⋃
i=1
N [vi]
]
,
of orders n1, n2, ..., np, respectively. Since, by our assumption, no w ∈ S−pend(T ) is connected
to any ui, we infer that for every Hj there exists an edge joining this component to a vertex
from V − S. Hence, it yields the following contradiction:
|V | − 1 = |E| ≥ 2 (|S| − k) + p+
p∑
i=1
(ni − 1) = 2 |S| ≥ |V | .
Consequently, there must exist some v ∈ S ∩ pend(T ) and w ∈ S such that the distance
between them equals two.
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Let us notice that if the condition S − pend(T ) 6= ∅ in Theorem 2.2 is not satisfied, then
all the distances between different vertices of S can be greater than two, e.g., see the stable
set {v1, v2, v3} of the tree T1 in Figure 2.
On the other hand, if the condition S − pend(T ) 6= ∅ in Theorem 2.2 is satisfied, all the
distances between the vertices of S − pend(T ) and vertices of S can be different from 2, for
instance, see the stable set {v1, v2, v3, v4, v5, v6, w1, w2} of the tree T2 in Figure 2.
✇ ✇ ✇
✇ ✇ ✇v1 v2 v3
T1
✇ ✇ ✇ ✇ ✇ ✇ ✇
✇ ✇ ✇ ✇ ✇ ✇ ✇
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❅
❅
❅
❅
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T2
Figure 2: Distances between vertices belonging to maximal stable sets of trees.
Now using the fact that α(G) ≥ |V (G)| /2 holds for any bipartite graph G, we obtain the
following result.
Corollary 2.3 If T is a tree, then S ∩ pend(T ) 6= ∅ for any S ∈ Ω(T ).
Corollary 2.3 is not true for any connected graph G with pend(G) 6= ∅ (see, for instance,
the graph in Figure 1). Notice also that it cannot be generalized to a bipartite graph G with
pend(G) 6= ∅, both for α(G) > |V (G)| /2 and α(G) = |V (G)| /2 (see the graphs G1, G2,
depicted in Figure 3, and the sets {a, b, c, d} ∈ Ω(G1), {u, v, w} ∈ Ω(G2)).
✇ ✇ ✇ ✇
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Figure 3: Bipartite graphs with maximum stable sets containing no pendant vertices.
Corollary 2.4 If T is a tree with α(T ) = |V (T )| /2, then T contains at least two pendant
vertices at odd distance apart.
Proof. Let {A,B} be a bipartition of T . Both A and B are maximum stable sets, because
A,B are stable and α(T ) ≥ max(|A| , |B|) ≥ |V (T )| /2. Hence, Corollary 2.3 implies that both
A ∩ pend(T ) 6= ∅ and B ∩ pend(T ) 6= ∅, that supports the conclusion.
The tree T1 in Figure 4 shows that the converse of Corollary 2.4 is not generally true.
Recall from [5] that G is called a strong unique independent graph if |Ω(G)| = |{S}| = 1
and V (G)−S is also stable. For example, every cordless path of odd order belongs to this class
of graphs. Any strong unique independent graph G is necessarily bipartite, and its bipartition
is {S, V (G)− S}. Using Theorem 2.2, we are giving now an alternative proof of the following
theorem characterizing strong unique independent trees, which was first proved in [5].
Theorem 2.5 [5] If {A,B} is the bipartition of the tree T , then the following assertions are
equivalent:
(i) T is a strong unique independent tree;
(ii) pend(T ) ⊆ A or pend(T ) ⊆ B;
(iii) the distance between any two pendant vertices of T is even.
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Proof. (i) ⇒ (ii) If Ω(T ) = {A}, then Lemma 2.1 implies pend(T ) ⊆ A.
The equivalence (ii) ⇔ (iii) is clear.
(ii) ⇒ (i) Without loss of generality, we may suppose that |A| ≥ |V (T )| /2. Since A is also
a stable set, Theorem 2.2 ensures that A∩pend(T ) 6= ∅, and, consequently, pend(T ) ⊆ A. Let
S ∈ Ω(T ) and assume that S − A 6= ∅. Then
|S ∩A|+ |S ∩B| = |S| ≥ |A| = |S ∩ A|+ |N(S ∩B)|
and, hence, |S ∩B| ≥ |N(S ∩B)|. Since no vertex in S∩A is adjacent to any vertex in S∩B, it
follows that at least one tree, say T ′, of the forest T [N [S∩B]], has |V (T ′) ∩B| ≥ |V (T ′) ∩A|.
Consequently, by Theorem 2.2, it proves that T ′ has at least one pendant vertex, say v, in
V (T ′) ∩ B. Since N(v, T ) = N(v, T ′), we infer that some pendant vertex of T must be in
S ∩B, in contradiction with pend(T ) ⊆ A.
Therefore, every maximum stable set of T is a subset of A. Since A is stable, it follows
that, in fact, Ω(T ) = {A}, i.e., T is a strong unique independent tree.
Theorem 2.6 Let {A,B} be the bipartition of the tree T . If S is a stable set such that
|S| > min{|A| , |B|}, then S ∩ pend(T ) 6= ∅. Moreover, there exist v ∈ S ∩ pend(T ) and w ∈ S
such that the distance between them is 2.
Proof. We prove that if a stable set S of T satisfies S∩pend(T ) = ∅, then min{|A| , |B|} ≥ |S|.
If SA = S ∩ A and SB = S ∩ B, then {SA, B − SB} is the bipartition of the forest F1 =
T [SA ∪ (B − SB)], while {A− SA, SB} is the bipartition of the forest F2 = T [(A− SA) ∪ SB].
Since (SA, SB) = ∅ and S∩pend(T ) = ∅, it follows that SA∩pend(F1) = ∅ = SB ∩pend(F2).
Consequently, by Theorem 2.5, every connected component of F1 or F2, which is different
from an isolated vertex, is a strong unique independent tree. Moreover, every isolated vertex
of F1 belongs to B − SB, and every isolated vertex of F2 belongs to A− SA. Therefore, both
|SB| ≤ |A− SA| and |SA| ≤ |B − SB|. Hence, we get that
|S| = |SA|+ |SB| ≤ min{|SA|+ |A− SA| , |B − SB|+ |SB|} = min{|A| , |B|},
which completes the proof of the first assertion.
Now, let S be a stable set such that
|S| > |B| = min{|A| , |B|},
and let SA = S ∩ A, SB = S ∩B. Any v ∈ SA has deg(v) ≥ 1 and N(v) ⊆ B − SB. Since
|SA|+ |SB| = |S| > |B| = |SB|+ |B − SB| ,
we see that |SA| > |B − SB|. Therefore, it follows that some treeH = (A1, B1, E1) of the forest
T [SA] must have |A1| > |B1| > 1, where A1 ⊆ SA. According to Theorem 2.2, it follows that
A1∩pend(H) 6= ∅, which implies that A1∩pend(T ) 6= ∅, becauseA1∩pend(H) ⊆ A1∩pend(T ).
In addition, if A1 ⊆ pend(H), then there is {v, w} ⊆ A1 and the distance between v, w equals
2, while if A1 − pend(H) 6= ∅, then, according to Theorem 2.2, there exist v ∈ A1 ∩ pend(H)
and w ∈ A1, such that the distance between them is 2. In both cases, we may conclude that
there are v ∈ S ∩ pend(T ) and w ∈ S such that the distance between them equals two.
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Figure 4: S = {a, b} is a maximal stabe set containing no pendant vertices.
Theorem 2.6 shows that for a maximal stable set S of a tree with the bipartition {A,B},
it is enough to require that there are no pendant vertices belonging to S to ensure that
min{|A| , |B|} ≥ |S|. In Figure 4 are depicted examples of trees with min{|A| , |B|} = |S| and
min{|A| , |B|} > |S|.
If |A| 6= |B| then the claim of Theorem 2.6 is stronger than the corresponding direct
consequence from Theorem 2.2, because there is a tree T containing a maximal stable set S,
such that min{|A| , |B|} < |S| < |V (T )| /2 and S ∩ pend(T ) 6= ∅ (for an example, see the tree
T1 in Figure 5).
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Figure 5: S = {a, b, c} is a maximal stabe set in T1, T2, containing pendant vertices.
The tree T2 in Figure 5 shows that the converse of Theorem 2.6 is not true.
3 Pendant vertices and intersection of all maximum sta-
ble sets
Recall the following result, which we shall use in the sequel.
Proposition 3.1 [8] For a connected bipartite graph G of order at least two, the following
assertions are true:
(i) α(G) > |V (G)| /2 if and only if ξ(G) ≥ 2;
(ii) α(G) = |V (G)| /2 if and only if ξ(G) = 0.
Let Gi = (Vi, Ei), i = 1, 2, be two graphs with V1 ∩ V2 = ∅, and Q1, Q2 be cliques of
the same size in G1, G2, respectively. The clique bonding of the graphs G1, G2 is the graph
G = G1∗Q∗G2 obtained by identifying Q1 and Q2 into a single clique Q, [1]. If V (Q1) = {v1},
V (Q2) = {v2}, we shall denote the clique bonding of G1 and G2 by G1 ∗v∗G2. In other words,
V (G1 ∗ v ∗G2) = V1 ∪ V2 ∪ {v} − {v1, v2} and
E(G1 ∗ v ∗G2) = E (G1 [V1 − v1]) ∪ E (G2 [V2 − v2]) ∪ {vx : v1x ∈ E1} ∪ {vy : v2y ∈ E2).
Lemma 3.2 Let T1, T2 be trees and T = T1 ∗ v ∗ T2.
(i) if v ∈ core(T ), then α(T ) = α(T1) + α(T2)− 1;
(ii) v ∈ core(T ) if and only if v ∈ core(Ti), i = 1, 2;
(iii) if v ∈ core(T ), then core(T ) = core(T1) ∪ core(T2).
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Proof. (i) Let S ∈ Ω(T ). Then S ∩ V (Ti) is stable in Ti, and, therefore, it follows that
|S ∩ V (Ti)| ≤ α(Ti), for each i = 1, 2. Hence, we get that
α(T ) = |S| = |S ∩ V (T1)|+ |S ∩ V (T2)− {v}| =
= |S ∩ V (T1)|+ |S ∩ V (T2)| − 1 ≤ α(T1) + α(T2)− 1.
Case 1. There are Si ∈ Ω(Ti), i = 1, 2, such that v ∈ S1 ∩ S2. Then S1 ∪ S2 is stable in T
and
|S1 ∪ S2| = α(T1) + α(T2)− 1 ≥ α(T ),
and this implies that α(T ) = α(T1) + α(T2)− 1.
Case 2. There are Si ∈ Ω(Ti), such that v /∈ S1 ∩ S2, i.e., v /∈ S1, (or v /∈ S2). Hence,
S3 = S1 ∪ S2 − {v} is stable in T , and
|S3| ≥ α(T1) + α(T2)− 1 ≥ α(T ),
and this leads to the following contradiction with the hypothesis v ∈ core(T ): S3 ∈ Ω(T ) and
v /∈ S3.
Thus, we may conclude that α(T ) = α(T1) + α(T2)− 1.
(ii) If v ∈ core(T ), then Case 2 of part (i) explicitly means that v ∈ core(Ti), i = 1, 2.
Conversely, let v ∈ core(Ti), Si ∈ Ω(Ti), i = 1, 2, and assume that there is S ∈ Ω(T ),
such that v /∈ S. Then, the set S1 ∪ S2 is stable in T and |S1 ∪ S2| = α(T1) + α(T2) − 1.
Clearly, S ∩ V (Ti) is stable in Ti, i = 1, 2, and because v ∈ core(Ti), i = 1, 2, we have that
|S ∩ V (Ti)| ≤ α(Ti)− 1, i = 1, 2. Hence,
|S| = |S ∩ V (T1)|+ |S ∩ V (T2)| ≤ α(T1) + α(T2)− 2 < |S1 ∪ S2| ,
and this contradicts the choice S ∈ Ω(T ).
(iii) According to part (i), we have α(T ) = α(T1) + α(T2)− 1, and part (ii) ensures that
v ∈ core(Ti), i = 1, 2.
Let w ∈ (core(T ) − {v}) ∩ V (T1) and Si ∈ Ω(Ti), i = 1, 2. Then S1 ∪ S2 ∈ Ω(T ), and,
therefore, w ∈ S1. Since S1 is an arbitrary set from Ω(T1), we get that w ∈ core(T1).
Similarly, one can show that if w ∈ (core(T )−{v})∩V (T2), then w ∈ core(T2). Therefore,
we may conclude that core(T ) ⊆ core(T1) ∪ core(T2).
Conversely, let w ∈ core(T1) − {v}, and suppose there is S ∈ Ω(T ), such that w /∈ S. Let
us denote Si = S ∩ V (Ti), for i = 1, 2. Since w /∈ S1, it follows that |S1 − {v}| ≤ α(T1) − 2.
Hence, we get a contradiction:
|S| = |S1 − {v}|+ |S2| ≤ α(T1)− 2 + α(T2) < α(T1) + α(T2)− 1 = α(T ) = |S| .
Consequently, core(T1) ∪ core(T2) ⊆ core(T ) is also valid, and this completes the proof.
In the following statement we are strengthening Proposition 3.1 for the case of trees.
Theorem 3.3 If T is a tree with α(T ) > |V (T )| /2, then |core(T ) ∩ pend(T )| ≥ 2.
Proof. According to Proposition 3.1(i), we infer that ξ(T ) ≥ 2. Since T is a tree, it follows
that |pend(T )| ≥ 2.
To prove the theorem we use induction on n = |V (T )|. The result is clearly true for n = 3.
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Let T = (V,E) be a tree with n = |V | > 3, and suppose that the assertion is valid for
any tree with fewer vertices. If core(T ) = pend(T ), the result is clear. If core(T ) 6= pend(T ),
let v ∈ core(T ) − pend(T ) and T1, T2 be two trees such that T = T1 ∗ v ∗ T2. A partition
of N(v) in two non-empty sets gives rise to a corresponding division of T into T1 and T2.
According to Lemma 3.2(ii), v ∈ core(Ti), i = 1, 2. Hence, Proposition 3.1(i) implies that
α(Ti) > |V (Ti)| /2, i = 1, 2. By the induction hypothesis, each Ti has at least two pendant
vertices belonging to core(Ti). Lemma 3.2(iii) ensures that core(T ) = core(T1) ∪ core(T2),
and, therefore, T itself has at least two pendant vertices in core(T ).
Corollary 3.4 Let T be a tree with α(T ) > |V (T )| /2, and k ≥ 2. If there is a vertex
v ∈ core(T ) of deg(v) ≥ 2k, then |core(T ) ∩ pend(T )| ≥ 2k.
Proof. Let us partition N(v) into k subsets Ni(v), 1 ≤ i ≤ k, each one having at least two
vertices. Then we can write
T = (...((T1 ∗ v ∗ T2) ∗ v ∗ T3)...) ∗ v ∗ Tk,
where Ti is the subtree of T containing Ni(v) as the neighborhood of v.
Since v is pendant in no Ti, we get pend(T ) = ∪{pend(Ti) : 1 ≤ i ≤ k}.
By Lemma 3.2(iii), it follows that core(T ) = ∪{core(Ti) : 1 ≤ i ≤ k}.
According to Lemma 3.2(ii), the vertex v ∈ core(Ti), 1 ≤ i ≤ k, and, consequently, Theo-
rem 3.3 implies that:
|core(T ) ∩ pend(T )| = |core(T1) ∩ pend(T1)|+ ...+ |core(Tk) ∩ pend(Tk)| ≥ 2k,
and this completes the proof.
Let us remark that for every natural number k there exists a tree T with a vertex v of
degree k such that v ∈ core(T ). For instance, such a tree T = (V,E) can be defined as follows:
V = {v} ∪ {xi : 1 ≤ i ≤ 2k} and E = {vxi : 1 ≤ i ≤ k} ∪ {xixi+k : 1 ≤ i ≤ k}.
Theorem 3.5 If T is a tree with α(T ) > |V (T )| /2, then for at least two distinct vertices from
core(T ) ∩ pend(T ) the distance between them is even. Moreover, if the set core(T ) ∩ pend(T )
contains exactly two vertices, then the distance between them never equals four.
Proof. Let {A,B} be the bipartition of T . Notice that the distance between two vertices is
even if and only if both of them belong to one set of the bipartition.
To prove the theorem we use induction on n = |V (T )|.
If n = 3, then T = P3 and the assertion is true.
Let now T be a tree with n ≥ 4 vertices. According to Theorem 3.3, α(T ) > n/2 yields
|core(T ) ∩ pend(T )| ≥ 2.
Case 1. |core(T ) ∩ pend(T )| ≥ 3.
Then we get
min(|A ∩ core(T ) ∩ pend(T )| , |B ∩ core(T ) ∩ pend(T )|) > 1.
Hence, at least two vertices of core(T ) ∩ pend(T ) belong to one set of the bipartition, i.e., the
distance between them is even.
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Figure 6: A tree T with |core(T ) ∩ pend(T )| = 2.
Case 2. |core(T ) ∩ pend(T )| = |{u, v}| = 2. Figure 6 shows that such trees exist.
If N(u) = N(v), then the distance between them is two, which is both even and different
from four.
Suppose now that N(u) = {x} 6= {y} = N(v), and let F = T [A ∪B − {u, v, x, y}]. Since u
and v belong to all maximum stable sets of T , we conclude that neither x nor y are contained
in any maximum stable set of T . Hence Ω(T ) = {S ∪ {u, v} : S ∈ Ω(F )}. Consequently,
core(T ) = core(F )∪ {u, v} and α(F ) = α(T )− 2 > n/2− 2 = (n− 4)/2 = |V (F )| /2. Suppose
that F consists of k ≥ 1 trees {Ti : 1 ≤ i ≤ k}. Since α(F ) = α(T1) + ...+ α(Tk) > |V (F )| /2,
at least one tree, say Tj, has α(Tj) > |V (Tj)| /2. By the induction hypothesis, there exist two
distinct vertices c, d ∈ core(Tj)∩ pend(Tj) such that the distance between them in Tj is even.
We claim that {c, d} ⊂ N(x) ∪ N(y). Otherwise, if, for instance, c /∈ N(x) ∪ N(y), then
c ∈ core(T )∩ pend(T ) and this contradicts the fact that core(T )∩ pend(T ) = {u, v}. Further,
if {c, d} ⊂ N(x) or {c, d} ⊂ N(y), then Tj is not a tree, since {cx, xd} or {cy, yd}, respectively,
builds a new path connecting c and d in addition to the unique path between c and d in Tj
(together the two paths create a cycle, which is forbidden in trees). Suppose that c ∈ N(x)
and d ∈ N(y). Then xy /∈ E(T ), because, otherwise, Tj can not be a tree.
No edge from the set {uv, uy, ud, uc, vx, vc, vd} exists in T , since the vertices u and v are
pendant in T . One can find an example of such a situation in Figure 6. The vertices c and d
are not adjacent in T , because they are pendant in Tj. Therefore, |N(x) ∪N(y)| ≥ 4, and the
shortest path between u and v goes through the vertices x, c, y, d, at least. Thus, the distance
between u, v in T is greater than the distance between c and d in Tj by four, and consequently,
it is even and, moreover, different from four, because the vertices c and d are distinct.
4 Conclusions
In this paper we have studied relationships between pendant vertices and maximum stable
sets of a tree. We have obtained a more precise version of the well-known result of Berge, [1],
stating that |pend(T )| ≥ 2 holds for any tree T having at least two vertices. Namely, we have
proved that for such a tree T either it has a perfect matching, and then both A∩pend(T ) 6= ∅
and B ∩ pend(T ) 6= ∅, where {A,B} is its bipartition, or it has no perfect matching, and then
at least two of its pendant vertices an even distance apart belong to all maximum stable sets.
As open problems, we suggest the following.
Suppose that the tree T has no perfect matching. Are there at least two pendant vertices
of T belonging to ∩{S : S is a maximal stable set in T of size k}, for either k = |V (T )| /2, or
k = min{|A| , |B|}?
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